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ABSTRACT

Hackney, Philip J. Ph.D., Purdue University, August 2010. Homology Operations in
the Spectral Sequence of a Cosimplicial Space. Major Professor: James E. McClure.

We construct operations in the homology spectral sequence of cosimplicial E-
infinity and cosimplicial E-n spaces. This is accomplished by constructing external
operations for certain universal examples which were introduced by Bousfield and
Kan. By universality we then have external operations for any cosimplicial space and
the E-n structure maps provide the internal operations. The main ingredient is a
detailed computation of the spectral sequence associated to the homotopy orbit of

the square of the Bousfield-Kan examples.



1. INTRODUCTION

Let C be a fixed E, operad. The aim of this work is to prove the following Theorem
and its E,, analogue (Theorem 7.4.5).

Theorem 1.0.1. Suppose that X is a cosimplicial object in the category of C-spaces.

Then there are operations in the mod-2 homology spectral sequence associated to X :

Qm : Eis,t - Eis,ert m Z t

Q" : Eis,t - E;Ul—s—t,Qt m € [t — s,

where w € [r,2r — 2| is given in Theorem 6.3.6.

The first proof of this was given by Jim Turner in [1]. We provide a fundamentally
different proof which is more direct and is amenable to generalization.
Pictorially, the images of these operations applied to an element in bidegree (—s, t)

lie on the dotted and solid lines of Figure 1.1.

T 4 A,Zt

—2s —5

Figure 1.1. Vertical and Horizontal Operations

The scheme of the paper is as follows. We work with simple Bousfield-Kan uni-

versal examples, which one might think of as cosimplicial spheres. We construct



external operations for these examples and use the universal property to transport
these operations into the spectral sequence for an arbitrary cosimplicial space. When
that cosimplicial space is actually a cosimplicial C-space, we then obtain internal

operations by combining the external operations with the C(2)-structure.

1.1 Homology Spectral Sequence and Passage to Chains

Let X be a cosimplicial space (where ‘space’ means either topological space or
simplicial set). We briefly outline the construction of the homology spectral sequence

associated to X (see [2] for more details).

Convention. We always work over the field k = Z/2 and just write Ch for the

category of chain complexes over k.

Let
S, : Spaces — Ch

be the mod-2 chains functor. The first step in the construction of the spectral sequence
is to pass from X to the cosimplicial chain complex S, (X).
If Y is a cosimplicial object in an abelian category A, we will write C'Y" for the

conormalization of Y

p

CYp:coker<€Bdk : @Yp_l —>Yp>,

k=1

which is an object in coCh=" A, the category of nonnegative cochain complexes over
A. When A = Ch, the category of chain complexes over k, we will regard CY as a
left-plane bicomplex which consists of the k-module CY} in bidegree (—p,q). Given
a bicomplex B, we will let T'B denote the product total complex:

TBy = | [ Bim-i-
J

The appropriate filtration in this situation is the one by columns

Ff =[] Bjm-i-

Jj<k



We may regard
TC(Y) C | [ Hom(AT, Y™),

where this is the internal Hom in the category Ch. The natural filtration of A, by
skeleta induces the above filtration on TC(Y") (see [2]).

The homology spectral sequence associated to X is, by definition, the one obtained
for this filtration on T'C'S,(X). For this reason we usually work with cosimplicial chain
complexes rather than cosimplicial spaces, though of course we will have to check that
various geometric constructions we make behave well when we pass to chains. This
will usually take the form of an E' or E? isomorphism between the algebraic and

geometric constructions.

1.2 External Operations

In this section we recall that the Dyer-Lashof operations are constructed by com-
bining an “external operation” with the C(2)-structure map. We will also use this to
give one construction of the vertical operations from Theorem 1.0.1.

Let W be the usual kr-free resolution of k™, defined by

kﬂ"ei ’LZO
Wi:

0 1< 0
and

d(ez) = (1 + 0')61',1.
Of course this is km chain-homotopic to S.(Ew), which, combined with the shuffle
map gives a quasi-isomorphism

W @ (Su(X) ® Su(X)) — S.(Em xx (X x X))

for any space X. If X is a C-space then C(2) is equivariantly homotopic to Em and
so there is a map

Erx, (X xX)—X



which induces

W @z (5:(X) ® 5:(X)) — 5:(X).
Let C be a chain complex. We define for each m a chain map of degree m
" C =W R, (CxC)

CH em_|o| @ CR C+ eppi_) @ c®dc

(interpreting terms with e_,, as zero). If C' is a chain complex equipped with a map
W @, (C®C)— C (for example if C' is chains on a C-space) then the image of [c]

under the composite
H,(C) = H(W ®,: (C®C)) — H.(C)
is, by definition, Q™ |[c]. For this reason we call the homology class
q"c] € H,(W @, (C®(C))

an ‘external operation’.

Let’s go through the same procedure in the cosimplicial case which will end up
giving us the vertical operations. The tensor product of two cosimplicial chain com-
plexes A? and B¢ is the cosimplicial chain complex given in cosimplicial degree p by

AP @ BP. If X is a cosimplicial C-space, then we have a map
W @y (S.(X) ® 8.(X)) 5 S, (Er % (X x X)) — S.X,
so it useful to consider cosimplicial chain complexes Y equipped with a map
We,(Y®Y)—=Y. (1.1)
If Y is any cosimplicial chain complex then we have, for each m, a collection of maps
YP - W@, (YP®Y?P)

which constitute a (degree m) map of cosimplicial chain complexes

" Y - We, (YY)



Combining this with (1.1) gives operations
QU E(Y) L E'(W®, (Y®Y)) — E"(Y).

Notice, though, that [y] € E”_, is mapped to something in bidegree (—s,t +m) and
to zero for m < t, so we only pick up the vertical part of Figure 1.1.

Henceforth, whenever we speak of external operations on a cosimplicial chain
complex Y we will mean operations whose target is the spectral sequence for W ®,

(Y ®Y). It will grow quite tedious to write
We: (YY)
for the homotopy orbit complex, so instead we will usually abbreviate it as
EY)=Wo,  Y®Y).

Similarly, when discussing results related to cosimplicial (n + 1)-fold loop spaces, we
will write

E'Y)=sk, W&, (YRY).
We will also overload this notation and write, for a cosimplicial space X,
E(X)=FEmx,; (X ®X)
for the homotopy orbit cosimplicial space and
EMX)=5"x, (X ®X).

Remark (See Section 6.1). The class [y] is in total degree t — s, so we expect there to
be Dyer-Lashof operations in total degrees > 2(t—s). The vertical operations begin in
total degree 2t — s, indicating that we have missed a few. There is one other operation
that we could reasonably talk about here, the one at the bottom left. Notice that if
Y comes equipped with a map W ®, (Y ® Y) — Y, then there is a multiplication on
the spectral sequence of Y. Since the bottom Dyer-Lashof operation of an element

is meant to be its square, it is compelling to notice that if [y] is in E”_, then both

—s,t

Q' *[y] and [y]* are in bidegree (—2s,2t). This may convince the skeptical reader of
the validity of the shape of Figure 1.1.



1.3 Bousfield-Kan Universal Examples
For each p, define DI(JT 5,5) S the cokernel of
Sks_l Aﬁ — Sks+r—1 AI;

in the category of simplicial based sets (here A’ is obtained by adding a disjoint

p
(r,s,t

basepoint to the standard simplicial p-simplex). For ¢t > s, define D ) by iterating

the Kan suspension t — s times.

= $=D!

(r,s,8)

DP

(r,s,t)

(.5 Were introduced in [3] where it was shown that the

These cosimplicial spaces D

(integral) homology spectral sequence has the form of Figure 1.2.

(1) e ftr—1

T

—(s+r) =S

'Y} +t

Figure 1.2. Spectral Sequence for Dy,

The Bousfield-Kan example Dy, ) is universal for elements in E”_; of the ho-
mology spectral sequence. Indeed, for a cosimplicial simplicial abelian group B and
an element b € E”_, there is a map ZD(. ;) — B which, on the spectral sequence
level, sends 2 to b. Slightly more general ideas can be found in [3], while slightly more
specific ideas can be found in section 2.2.

In any case, the spaces D, are the atomic cosimplicial spaces when it comes
to the homology spectral sequence. To understand external operations, we will first
understand them in these basic examples. We shall examine the spectral sequence

for the cosimplicial space Em X (D54 X D(rsi))-



T2t

—2s —S

Figure 1.3. EQ(EW X (D(oo7s,t) X D(oo,s,t)))

Part of the proof of Theorem 1.0.1 we present relies on a calculation giving the
extremely suggestive Figure 1.3 (or Figure 4.1 on page 35). A variation of this ap-
proach lets us replace W by its brutal truncation sk,, W in order to define operations

in the spectral sequence of a cosimplicial E,,-space.

1.4 Outline

In Chapter 2 we apply S, to D, .+ and compute the spectral sequence. Much of
the notation used in later chapters is established here.

The next three chapters form the calculational heart of the work by providing a
complete description of the homology spectral sequence of £(D(, ). Chapter 3 is
devoted to the calculation of E* and 6. In Chapter 4 we calculate the homology of
two classes of chain complexes, which collectively give E2. Finally, in Chapter 5 we
compute £ and deduce the rest of the differentials.

In Chapter 6 we will define our operations. This isn’t entirely straightforward, as
the universal property of the Bousfield-Kan examples does not give a unique repre-
senting map. This is where the mysterious ‘w’ in Theorem 1.0.1 comes from.

Chapter 7 includes the remaining calculations needed to obtain operations in the

case of cosimplicial E,, ;1 spaces.



Throughout this work there will be variants of propositions and constructions
which will apply to the case of cosimplicial F,, ,i-spaces for n finite. If one is only
interested in the infinite loop case, these may be safely skipped, so we have marked

them with a y. The first example of this is Theorem*3.1.2.



2. ALGEBRAIC BOUSFIELD-KAN EXAMPLES

In this chapter we give an explicit description of the mod-2 homology spectral se-
quence associated to the Bousfield-Kan universal examples.

We give two separate constructions of the E' page of these spectral sequences. The
second, starting on page 14, gives a complete description of the spectral sequence and
allows us to establish the universal property for the Bousfield-Kan universal examples.
It is also relatively quick.

The first construction is more involved and only produces E'. This relies on the

observation (see [3, 3.1] or Appendix B) that, for a cosimplicial chain complex Y,
C(H(Y))" = H(CY?),

where the latter term is isomorphic to Elpjt(Y). The method we use is to first
compute the levelwise homology H;(Y?) and then calculate the (higher) coface maps
Hy(dY), Hy(d?), ..., Hy(dP*). This will tell us about the left-hand side of the above
isomorphism.

The advantage to presenting a construction along these lines is two-fold. First, it
provides good practice since we will use this method of calculation later to calculate
E(Y). More importantly, the levelwise homology of Y gives information about the
levelwise homology of £(Y) and £"(Y") (see section 3.1.1).

Most future calculations in this paper rely on the bases we choose here.

2.1 Homology of the Skeleton of the p-Simplex

Let AP denote the (normalized) simplicial chains for the standard simplicial model

of the p-simplex. A basis for AP in dimension k is given by the set of ordered injections

k] = [p]-
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For a complex C, write sk;(C') for the brutal truncation with

Cr, k<t
Skt(C)k =

0 k>t

This notation is chosen because of its relation to the usual notion of simplicial skeleton:
if X is a simplicial set, then

Skt S*X = S* Skt X,

where S, = N,k is the normalized simplicial k-chains functor. Thus we wish to

compute sk; AP, and since we always have

Hi(ski C) = € Z,(C) k=t

we are left to understand Z;(AP). If t > 0 then Z;(AP) = B;(AP) and if ¢ = 0 then
Z;(AP) is given by the collection of vertices k{[0] < [p]}. In summary,

(

k{[0] — [p k=t=0
N L CE )

k k=0,t>k

0 else.

\

We now give an explicit description for Hy(sk; A?) = B;(AP) when ¢ > 0.

Definition. We already have A? = k{[r] — [p|]}. We'd like to consider the set of

based injections

AP ={ele:[r] = [p,e(0) =0}

The notation is chosen because this corresponds to the r-simplices of the 0-horn of

the p-simplex.
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Proposition 2.1.1. The restriction of the differential
d: Ay — A
gives an isomorphism
kAL, 2 By(AP).

Proof. We first show that the map is injective. Let V' C AP have a basis consisting
of e : [t] < [p] with £(0) > 0, which is the complement of kA?:

A} =V @ kAY.
Notice that the map
do - kA},, — A}
erscod
is an injection. The following commutes

KAZ,, — %y

o]

AP V & kAP

so kerd C kerdy = 0.
To show that d is surjective, fix a basis element ¢ : [t + 1] — [p] of A},,. We
need to show that de is in the image of d|kA? ;. We treat the nontrivial case where

£(0) > 0 and write e = &d° with £(0) = 0. Then
0 =dde

t+2
—d (52 dl>
=0

t+2

=d(z) + ) _d(ed).

Thus we see that
42

d(e)=dY eod,
=1

and of course £d'(0) = 0 for [ > 0. O
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Proposition 2.1.2. The homology of the t-skeleton of the standard p-simplex is given

by
(
kAY 4 k=t>0
k{[0] — [p k=t=0
PR L CE
k k=0,t>k
0 else.

\

2.2 Homology Spectral Sequence of the Bousfield-Kan Examples

Fix r,s,t and define D? = DP__ as the cokernel of the inclusion

skg_ 1 AP — skoi, 1 AP,
The cosimplicial structure of D*® is induced from that of A®. It’s not hard to see that
2t_SDTss = N*kD(r,s,t)a

where Dy, ;) is the cosimplicial space defined in [3, 5.1] and section 1.3 and N, is the

normalization functor k® — Ch(k).

Proposition 2.2.1. For s > 0 and r > 2, the homology of D?,, is given by

(
kAL, k=s+r—1

Hk(Dfss> = kAg k =S

0 else.

\

Proof. There is a short exact sequence of complexes
0—sky 1 AP = sk, 1 AP — DP — 0

and, when s # 1, the result follows immediately from the associated long exact

sequence and Proposition 2.1.2. When s = 1, the bottom map in the diagram

0 HD Hyskg — Hysk, — HyD —— 0

k{[0] = [pl} ——k
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is surjective and kAY is a p-dimensional vector space.

O

Remark. The statement of this Proposition is not true for » < 2. We will assume
that » > 2 until section 6.2, where we will momentarily need an easy calculation for

r=1.

We now reproduce a the mod-2 version of [3, 5.3, (i)-(iii)] using Proposition 2.2.1.
Namely, we compute the E' page of the spectral sequence of D,,,. We do this using

the fact (from [3, 3.1]) that

El (‘DT’SS) = HqC(DTSS)p g C(Hq<D7"SS))p'

—p,q

There isn’t an obvious way to obtain information about the differentials from this
isomorphism, so we will not prove [3, 5.3, (iv)] using this method. The answer is

given in Figure 2.1 (see also Figure 2.3).

o tt+r—1

—(s+7) =S

Figure 2.1. Page 1 of D,

We want to compute C'H D, (noting that CH D, is obtained from this by sus-

pension). For j > 0, the coface map d’ takes elements of A? to elements of AP (this
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is why I chose the O-outer horn rather than n-outer horn: it’s compatible with the

convention I use for conormalization). Now if we look at the conormalization:

CH(D,ss)? =kAP/ (d'KAZ™ 4 - 4 dPKAZTY)
=k{e|e:[s] = [pl,e(0) =0,[1,p] Cime}
= k{idj}

CH(Dyss),, 1 =kAL,,/ (dlk/\;”li 4t dpkA?;i)

=kfele:[s+r]—[p,e(0)=0,[1,p] Cime}

— k{ld[5+r]}
CH(D, )7 =0 k#s,s+r—1.

This is reflected in Figure 2.1. The separation of the two remaining classes means all
intervening differentials 8,62, ...,6"~! must be zero, so B! = E? = ... = E".

Instead of using Proposition 2.2.1, we could conormalize D, and get Figure 2.2.
The elements on the line with y-intercept 0 are id[), . . ., id[s4,—1] and those on the line
with y-intercept —1 aredid), ... ,did[s4,—1]. One can calculate that didy) = didpq
in CA®.

o—e ts+r—1
e ts+r—2
P
) %Ho +s+1
e—e IS
—s

Figure 2.2. The Bicomplex C(D,.s)

There is exactly one r-cycle in total degree 0, namely
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Clearly 9 =dids;,—1 (or 0 if r = 00). This tells us why E™'D, = 0 for r < oo,
which we did not show using the first construction. Thus, the spectral sequence is as
in Figure 2.3.

57 (1) o fHtr—1

T

—(s+r) —S

¥ +t

Figure 2.3. Pages 2 through r of D,

Proposition 2.2.2 (Universal Property). Let Y be a cosimplicial chain complex and

ye€Z,,(Y). Then there is a map
Oy : Dy =Y
with
E"(0y)(2) = [y] E"(0,)@idjstr—1)) = d"[y].
We will be using the definition of ©, frequently.
Definition (Representing Map). Let
yeZ (Y)CFTCOY ),
which we write as .
y=> ult vy € C(Y)L.

Define C(0,) by -

S idjesn) = YR

SR idsn) — Ayl

The following Proof will show that this is a map of bicomplexes, so C(0,) gives O,
by the Dold-Kan Theorem.



Proof of Proposition 2.2.2. Since 0y € F~°7" we know that
dys-Hc — dys—I—k-‘rl

t+k t+k+1

for 0 < k <r — 2, which shows that C'(©,) is a map of bicomplexes. Furthermore,
r—1 o)
CO) =Y yitk ~ > uili =y
k=0 k=0

and

C(0,)0n =dy;ii}).

16
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3. THE E' PAGE
3.1 Additive Structure of the £' Page

We are interested in the spectral sequence associated to the cosimplicial chain
complex &(D,). Note that £(D,s) = L#72€(D,,,) where the suspension is taken
levelwise, so it is enough to understand the spectral sequence for Y = £(D,,). Fol-
lowing [3, 3.1] (see proof in Appendix B), Eip is isomorphic to C'(H,Y)P.

Fix r and s; we now turn to computing C'(H,Y) when Y = £(D,.).

3.1.1 Homology

To compute H,(Y), first notice that

H,(£(Dr,)) = H.(E(H.(DE,)))

(see [4, Lemma 1.1(iii)]).
Once we have made this change, notice that, for a km-module M (such as H,(D?)®
H,(DP)), the complex W ®, M is just

oM OES v B % o

Thus the homology is M /(14 o) in the bottom dimension and ker(1+4o0)/im(1+40) in
dimensions bigger than zero. If we are working with sk, W &, M instead, then we also
get top dimensional homology ker(1+4c). With a little more work this gives [4, Lemma
1.3], which we now use.

We choose an order for the basis of H,(D?,,) that we found in §2.2.

rss

Definition (Total Order). Every injection ¢ : [m]| < [p] is given by a unique de-

creasing sequence rq > ry > -+ > 1,_,, (namely, the complement of the image) with
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e=d"...d» . For afixed m we declare the order on injections to be given by the re-
verse dictionary order on their associated sequence. For example, d®d® < d?d' < d*d°
and d®d* < d*d*. By Proposition 2.2.1, we then have an induced order on Hy, 1(DP)
and on Hy(DP). We give H,(DP) an order by declaring that Hs(D?) < Hsy,—1(DP).

We apply [4, Lemma 1.3] with this totally ordered basis to see that the homology
of E(H.(DP)) has a basis given by the disjoint union of the following sets:

{en®e®e|c e AL, meN}
{em@y®@7|ve A, ,meN}
{eo@e®e e, e Ale<e}
{eg@e®y|e€ AP, ye AL}

{eo@v@7 | 7,7 €AY, v <7}

To understand what happens when we apply d* to one of these basis elements,
we must use the isomorphism from Proposition 2.2.1. Notice that for v € A?,,, this
isomorphism is induced from d and, for k& > 0, d*dy = dd*y. Thus we may use
d¥ - kAP, — kAPT) for k > 0 without worry.

The coface maps

d* . E(H.(DP)) — E(H,(DP))

for k > 0 respect the basis above. One must check that d¥e < d¥e’ if € < ¢’. But this
is easy to see. We may reduce to the case where ¢ = d™...d" and ¢’ = d"*...d"
with 71 > v;. We begin to rewrite d*e and d*e’ in the canonical form. If k > r; then
dd™ - and d*d" - - - is already in the canonical form, and the order is preserved. If
k € (vy,71] then d*e = d"*1d* - .- and ke’ = d*d"* - -- but of course r; + 1 > k so the
order is preserved. If k < v; then d¥e = d"*!--. and dFe’ = d"'*'--- but of course

7'1+1>111+1.
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3.1.2 Conormalization

We just saw that d*, k& > 0, sends basis elements in H,(E(H.(DP))) to basis
elements in H,(E(H,(DP™))) via

em @c®c — e, ®de®de

e, el € APUAY,, m > 0.
Thus
CH, (S(H*(Dp))>

has a basis consisting of elements of the original basis which are not in the image of
d¥ for k =1,...,p. It is easy to identify such elements, which constitutes the proof

of the following theorem.

Theorem 3.1.1. Let r > 2 and s > 0. The E' page of the spectral sequence for the
cosimplicial chain complex E(D.,s) can be given a basis consisting of the following:

In cosimplicial degree —s and homological degree 2t and above, we have elements
em ®idjy @idyy) € EL 5 0,

In cosimplicial degree —s — r and homological degree 2t + 2r — 2 and above, we have
elements

Em @ id[s—i—r} ® id[s+r] S Eis—r,2t+2r+m—2'

In addition, in homological degree 2t we have
€ ®eER 5, S Eip,Qt

where e < &' € A and [p] = ime Uime'. These live in cosimplicial degrees between
—s—1 and —2s.

In homological degree 2t +r — 1 we have

epR®eRy € Eip,2t+r71
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where e € AP,y € AY, . and [p] = ime Uim~y. These live in cosimplicial degrees

r

between —s —r and —2s — r.

Finally, in homological degree 2t + 2r — 2 we have
e®YRY € Elp,2t+2r72

where v <~" € AL, and [p] = im~yUim~'. These live in cosimplicial degrees between

—s—1r—1 and —2s — 2r.

Proof. In the spectral sequence associated to £(D,.s), Eip has a basis given by the

disjoint union of the following sets:

{em ®@e®@e|eeAl[l,p] Cime,m e N}
{em®@y@7|ye A, [l,p] Cimy,m e N}
{eg®@e®e e, € AP [1,p] CimeUime e <€}
{eo®@e®y|ee A,y €A, [1,p] CimeUim~y}

{eo®@y®@9 [ 7,9 € AL, [Lp] CimyUimy, vy <4}
Apply the (2t — 2s)-fold suspension in the vertical direction to this basis. O

A picture of the E' page is given in Figure 3.1, where we have indicated modules
with rank greater than zero by snaky lines and modules of rank one with straight lines.
The reader is encouraged to compare this to the picture of E? given in Figure 4.1 on

page 35.

T2t +2r — 2
ANNNNNNN~ 2t+r—1
ANNNNNNNA 12t

—2s—2r —2s—r —2s —s—r =S

Figure 3.1. EY(€(D,s))
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We can also use [4, Lemma 1.3] to compute the homology of each of the columns

when we work with the truncation of W rather than the full thing. Appropriate

changes to Figure 4.2 on Page 36 will reveal the locations of the bigraded sets in the

following:

Theorem™* 3.1.2. The E' page of the spectral sequence associated to E™(D,s) has a

basis consisting of bigraded sets

(column, bottom, top, middle) We give an exhaustive list of their elements.

m € [0,n], we have

em & ld[s] X ld[s] S /é—s,Qt—i—m
Em & id[s—‘rr] b2y id[s—i—r} € (Q:d>—s—r,2t+2r+m—2-
For each pair e < &' € AP and [p] = ime Uime" we have

epRe®e €B_py

(1+0)e,Re®e € ‘E,p,%m

Here —p s between —s — 1 and —2s.

Fore e AP,y € AY, . and [p] = ime Uim~y, we have
eo®e®v € (M) _pattr

(1+0)en®e®7y € (M) poririni

which live in degrees with —p between —s —r and —2s — 7.

For~y <~" €AY, and [p] = im~y Uim~" we have
eo @Y7 € (By)_paurar—a

(1+o)e, @79 € (‘g_c;)fp,2t+2r+nf2

with —p between —s —r — 1 and —2s — 2r.

Proof. Conormalize H(E"(D,s)) as above.

For
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3.2 The Differential &'

In Theorem 3.1.1 we gave a basis for the E' page of the spectral sequence of
E(D,s). We now apply the cosimplicial differential d to each of these basis elements.
Notice that since the basis for the E! page is made up of based maps, application
ofd = d° never produces the basis elements given by Theorem 3.1.1. As Figure 3.1
indicates, only E'-basis elements of the form ey ® ¢ ® ¢’ may have nontrivial §'. This
section is devoted to expressing the d-homology class of d(ep ® ¢ ® (') in terms of the
basis elements of that Theorem.

Calculation of the spectral sequence does not require explicit calculation of 1.

We include it here only for completeness.

Notation. Let S C [p] be a set of ¢+ 1 elements. Define ¢?(S) € AP to be the unique
ordered injection whose image is S. In other words, if [p] — S = {rp_y > --- > r1}
then

¢H(S) =dra---d™ 2 [q] — [p].

Theorem 3.2.1. Let S,T C [p| with |S|,|T| € {s+1,s+r+1}, SUT = [p|, and
0eSNT. Then in EY(E(D,s)) we have

0'[eo ® CP(S) @ ¢P(T)]
= Y le®@ S+ 1) U{0} — {k}) @ ¢ (T + 1) u {0} —{j})]

J,k€SNT+1
j#k

Note that we stated the hypotheses in terms of subsets of [p]. If we instead consider

injections € and & with ime = S and ime&’ = T then the conditions on S and T are

equivalent to €, € A? and eg @ e ® ¢’ # 0 in C(E(D)).

This formula also holds in E*(E"(D,)) and, furthermore, we have

Theorem* 3.2.2. Let S,T be as in Theorem 3.2.1. Then in EY(E™(D,s)) we have

3 [(1+ 0)en ® CP(S) ® ¢P(T))]
= Y [ +a)e@(S+1) U0} - {k) @ (T +1) u{0} - {})].

7,keSNT+1
J#k
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This covers all differentials of elements in ‘,~Z, §ﬁv2, and %fvd. We also have the elements
e, ®id®id] in € and &4 to deal with:
'en@id@id] = Y [(1+0)e, @ d @d'].
o<j<l
The remainder of this section is devoted to the proof of Theorem 3.2.1 and
Theorem*3.2.2.

The proof of Proposition 2.2.1 actually shows the following:

Lemma 3.2.3. The map skei,_1 A — D, induces an isomorphism of cosimplicial

modules
Hs+r—1(Sks+r—1 A) - s+r—1(-Drss)-

For s > 1, the boundary map induces an isomorphism of cosimplicial modules
H5<Drss) - s—l(Sks—l A)

For s =1 the map above Hy(D) — Hy(skg A) is an inclusion of cosimplicial modules.

]

The ‘¢(’-notation makes it easy to write down d without worrying about the specific

expression in terms of the d*. We have, in DP__,

4CP(S)) = Dores PSS —{k}) |Slels+1,s+r—1] (31)

0 else.

We can use this, as in the proof of surjectivity in Proposition 2.1.1, to show that

d¢P(U) =) d¢P(U U {0} — {k})

keU

in A when 0 ¢ U. Another elementary observation is that
d°CP(S) = ¢"TH(S +1).
Taking U = S + 1 these say

d°d¢P(S) = dd°CP(S) = dCPHH (S +1) = > d¢PTH((S + 1) u{0} — {k}).

keS+1
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Proposition 3.2.4. Suppose that 0 € S C [p|] and either |S| = s+ 1> 2 or |S| =
s+ 1+ 1. Then the following formula holds in H.(D,ss):

d(¢P(s) = Y ¢S+ U0} — (k).

keS+1

Proof. We just saw that d’dC?(S) = Y, cq.q dCPTH((S+1)U{0} — {k}) in A, so the

result follows from Lemma 3.2.3. [l

When S and T satisfy the conditions of this proposition, then, in E*(E(D,s)) =
CH*(E:(Drst))v

§'[e0 @ CP(S) @ ¢P(T)] = [eo @ d°CP(S) ® ¢P(T)]
= > Y @S+ 1) U0} — {k}) @ ¢PTH((T + 1) U {0} — {5})].

kES+1 jET+1

Since we are working in the conormalization, if k —1 € S—-T,57—-1€ T -5, or

k = 7, then the term

[eo ® CPFH((S + 1) U{0} — {k}) @ " (T + 1) U {0} — {5})]
is zero. This establishes the theorem in the cases where |S|, |T| > 2.
Remark. The preceding paragraph works if ‘ey’ is replaced by ‘(1 + o)e,,’.

The remaining case, namely s = 0 with |S| = 1, is trivial. Notice that, for
both |T| = 1 and |T| = r + 1, the theorem statement reduces to the fact that
§(ep ® ¢P{0} ® ¢P(T)) = 0. This is obvious because the target module for 6 is zero
(see figure 3.1).

Proof of Theorem* 3.2.2. Since the above arguments work when we replace ey by

(1 + o)e,, we need only to calculate
51[€n X id[s/] X id[sr]] =e, X d’ ® do,
where s’ = s or s +r — 1. For s’ > 0, we apply Proposition 3.2.4 to see that

en ® "M ([ + 1] = {0}) @ ¢"FH([s' + 1] — {0})
—en® Y Y -Ghe Y ¢ 1] - 1)),

1<j<s'+1 1<i<s'+1
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As above, this is equal to

Y e ([ -hH e (Y -{) = > (1+o)eeded.
1<4,1<s’+1 1<j<i<s+1

J#l

If s =0, then

ot [en X id[o} X id[g]] =0

for bidegree reasons (since T = #) by Theorem*3.1.2.
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4. THE E? PAGE

The goal of this chapter is to compute the E? page of the spectral sequence associated
to E(Dyst)-

We begin with some generalities on the tensor product of two cosimplicial chain
complexes which we will need in section 4.2 and at various points in the rest of the
paper.

The E' page of the spectral sequence above contains three ‘horizontal strips’
[—2s, —s] x {2t}, [-2s—7r, —s—r] x {2t +r—1}, and [-25—2r, —s —r] x {2t +2r — 2}
(if r = oo we only have the first of these) which are the only places where ' may
be nonzero. We introduce a slightly more general class of complexes in section 4.2
(basically including the r = 0 and r = 1 cases of the middle horizontal strip) to facili-
tate this computation, and quickly compute the cohomology of the middle horizontal

strip. Then, in section 4.3 we compute the cohomology of the top and bottom strips.

4.1 Spectral Sequence of X ® Y

In this section we examine the spectral sequence associated to the tensor prod-
uct of two cosimplicial chain complexes, anticipating applications in chapter 4 and
section 6.1.

Let X and Y be cosimplicial chain complexes. There are two bicomplexes, C'(X)®
C(Y) and C(X ® YY), which are readily associated to the pair. We now give natural
transformations

CX)2CY)= (X ®Y).

Definition. The Alexander-Whitney map AW (see [5, p. 217] or [3, p. 316]) is
defined on C(X)? ® C(Y)? by

AW (@P @y?) = dPt - dPHrodrt - d.
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The shuffle map V is defined on C'(X ® V)" by

= Z Z §TE) L gTrra ) g ) g7(0) L gT(e )y

p+q=n (p,q)—shuffles
T

where we consider (p, g)-shuffles as permutations of the set

{0,1,...,p+q—1}.

Lemma 4.1.1. The Alexander-Whitney map and shuffle map are maps of bicom-
plexes. O

Notice that C(X) ® C(Y) is a retraction of C'(X ® Y):
Vo AW = idc(x)®c(y) .

Furthermore, if X and Y are cosimplicial abelian groups, the dual Eilenberg-Zilber
theorem (see, for example, the appendix in [6]) tells us that V and AW are inverse
chain homotopy equivalences. In the case when X and Y are cosimplicial chain
complexes, we can extend this to show that these maps give isomorphisms on £?
(Proposition 4.1.2).

Before we begin, suppose that B and B’ are bicomplexes (over k), and examine
the spectral sequences (obtained by filtering by columns) for E"(B), E"(B’), and
E"(B ® B'). Here the tensor product

(B® B'), @B”@; g

is again a bicomplex. Iterated application of the Kiinneth isomorphism gives an

isomorphism
E'B® E'B'=H(E™'B)® H(E"'B') > H(E" ' (B® B')) = E'(B® B')

with the base case coming from E°B ® E°B’ = B® B’ = E°(B® B’). We will

generally wish to identify

E'BREB =FE(B® B).
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Proposition 4.1.2. Let X and Y be cosimplicial chain complexes. The Alexander-
Whitney map
C(X) & C(Y) - C(X & Y)
mduces an isomorphism
F(X)® E'(Y) S (X @)
for all v > 2. The inverse is induced from the shuffle map V.

Proof. Given what came before, we really want to show that the map of bicomplexes
CX)®C(Y) - C(X ®Y) induces a an isomorphism on page 2 of the associated
spectral sequence:

EXC(X)®C(Y)) = EX(C(X®Y)).

Consider the diagram

CH.(X)® CH.(Y) 2 C[H(X) ® H(Y)] — CH. (X ®Y)
| |

H, AW

H,C(X)® H,C(Y) —— H,[C(X)® C(Y)] =5 H,C(X ®Y)
where the isomorphisms come from the Kiinneth theorem. It is easy to see that
this commutes when we consider CH,(X) = H.C(X) as a subobject of H,(X) as in
Appendix B.The dual Eilenberg-Zilber theorem implies that the top left map AW
becomes an isomorphism when we take homology in the horizontal direction. Then
too H,AW is a quasi-isomorphism, implying that the composite

(AW)

E*(X)® EX(Y) S BX(C(x) o (V) " B (X oY)

is an isomorphism.

Since VAW = id, the inverse map must be the one induced from V. n
Remark. One consequence of this proposition is that although
AW CY)C(Y)—-C(Y®Y)

is not m-equivariant, it becomes so on E? (see [3, Theorem 9.3(vii)]). This is because

at the level of bicomplexes V is m-equivariant:

AWo = AWoid = AWo(VAW) = AW (Vo) AW ~yido AW = c AW.
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4.2 Isolation of the Rows

Fix s and s’ nonnegative integers and let {2 = €, & be the cochain complex

Q50 = C(Hy(Dooss) @ Hy(Doosrs)).
When s = s/, O ; has an obvious m-action and we define
Q, = Q, /.
We know from Proposition 2.2.1 that a basis for Hg(Dwss) is given by A?. Let
WP =wh, C AL XA

be the set of pairs (¢, (") with [p] = im( Uim¢’. Following the ideas of section 3.1.2,
w? , is a basis for QF .

Remark. Observe that w? is nonempty exactly when p € [max(s, s'), s + §'].

Proposition 4.2.1. Fizr,s,t, and consider the spectral sequence for E(D,s). There
isomorphisms of complezes

wbot Qg - Eip,Qt

wml‘d :Qg,s—&-r - Eip,2t+r71

.OP 1
Vrop gy — E—p,2t+2r—2

Proof. Assume t = s. We have isomorphisms of cosimplicial modules

(H5<Dr‘ss) ® Hs(Drss>>/7T - HQS(S(H*(DTSS)))
Hs(Drss) & Hs-i—r—l(Drss) - H2s+r—1(€(H* (Drss)))

(Hyir 1(Dros) @ Hyrr 1(Dyes)) /7™ — Hogror o(E(Ho(Dyss)))

each given by ( ® (' — ¢y ® ( ® ('. Applying C to the modules on the right gives the

nontrivial rows of E1.
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We now identify the left hand side in the above isomorphisms. The inclusion

D,ss — Dyoss induces an isomorphism H(D,.5) = H(Dyss). Lemma 3.2.3 gives
Hs—l—r(Doo,s—H",s—l—r) %) Hs+r71(8ks+r71 A) i> Herrfl(Drss)-
Combined, these give isomorphisms

Qs - C((Hs(Drss) X Hs(Drss»/W)

Qs,s-l—r - O(HS(DTSS) ® Hs—l-r—l(Drss))

Qs—i—r,s—l—r - C((Hs+r—1<Drss) & HS+T—1<DTSS))/7T>’

Theorem 4.2.2. The cohomology of s ¢ is

k n=s+¢
H"Q, g =
0 otherwise.
Proof. Notice that H, D, is concentrated in degree s by Proposition 2.2.1. So
H*Qs,s’ - H*C(H*Dooss X H*Doos’s’>
= E2(H*Dooss & H*Doos’s’)

> ?(H,Doss) @ B*(H, Doy )
where the last isomorphism is by Proposition 4.1.2. The result follows from the
computation of E'(Dy.s) in section 2.2. O
4.3 Cohomology of
Fix s > 0. In this section we employ the short exact sequence
0—>A—>Qs7s—>§_25—>0

in order to compute the cohomology of €2,. We begin by identifying the complex A
and studying its cohomology.
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Observe that for p > s, if (¢,(") € w?, then o(¢, (") # (¢, ¢’). Thus Q_is a free

$,8

km-module for p > s, so
ker(Q2, — Q) = AP = (14 0)Q2,.

Furthermore, w; ; = {(idy, id}g)}, so A* = 0.
We have now identified A as the image of the map

The kernel of this map,
T="Ts=ker(l+0:Q,s— A)

will be of independent interest (see Proposition*4.3.3). For now, notice that T? =

(14 0)QP = AP for p > s since QP is kr-free. This implies that
HPY = HPA p>s+2.

Proposition 4.3.1. Fixz s > 0. We have

)
k pels+22s,s>1
k pels+1,2s],s>0

HP(A) = H(Ys) =<k p=0=s
0 else

0 else.
\

Proof. We use the long exact cohomology sequence associated to the short exact
sequence

0—-"T—-Q—-A—0
as well as Theorem 4.2.2, which says that H?*Q) = k and HPQ) = 0 for p # 2s.
Suppose that s > 2. Examine the exact sequence

0—— H2 A —— H2T — H2Q —— H*A——0

I
k
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We show that H?*Y — H?*Q is zero. If H*Y — H?(Q) were nonzero, then 0 =
H*A = H?*Y, which would also imply that H?*Q) = 0. This contradicts Theo-
rem 4.2.2. Thus we have k = H*QO = H?*A, and H*'A — H?»Y = k is an

isomorphism. For p < 2s, we have that
0— H"'A— H’YT — 0
is exact, so for s +2 < p < 2s we have
HP"'A=H'Y = HPA=k.

To finish this case, notice that AP~! = 0 for p — 1 < s, s0o 0 = HP"'A = HPY for
p<s+1.
If s =1, then A? =0 for p # 2 and A% # 0, so exactness of

0 H?*Y H*Q—— H?A——0
C
implies H?Y = 0 and H?A = k.
If s=0then A=0,s0 Y = and the result is obvious.

Theorem 4.3.2. The cohomology of €, is

k nels,2s]
H"Q, =
0 otherwise.

Proof. We use the exact sequence
0-A4A—-0—-0—0,

Theorem 4.2.2, and Proposition 4.3.1. Notice immediately that H*~'Q) = H'A for

1 < 2s, so we are reduced to analyzing the exact sequence

0— H* Q0 — H¥*A — H*Q — H*Q — 0.
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We merely need to show that H**A — H?3Q) is always zero. When s > 2, we saw at
the beginning of the proof of Proposition 4.3.1 that H**A = H?**Y — H?$Q) is zero.
If s =1, and o € A2 = T? is a cycle, then « is a boundary in T since H?Y; = 0,
hence « is a boundary in H?(Q2). Finally, H'A — H%Qq is trivially zero since A = 0
when s = 0. O]

We briefly mention the truncation case. Proposition 4.2.1 gives isomorphisms of

complexes

O — (k(% U € ga), 51>
Oy, — (6(0),0")

Q:-H" <k<%_;l L (6:\;)7577‘,21%%27"72)7 51)

!

For the remaining three rows, we see

Proposition* 4.3.3. There are isomorphisms of complexes

s

T — (k(% L €—5,2t+n), 51>

*
Qs,s+7‘

— (k(m;), ")
T:Jﬂn - (k(i L (@)—s—r72t+2r+n—2)7 51)

Proof. The map

Hs(Drss) ® Hs+r71<Drss) - H*(gn(H*(Drss)))

eRY = (1+0)e, ®e®y

induces the middle isomorphism, as in the proof of Proposition 4.2.1. Furthermore,

if M* is one of the cosimplicial modules

Hs(Drss) ® Hs(Drss> or Herrfl(Drss) ® Hs+r71<Drss)7
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then we have a cosimplicial map

ker(l +0: M — M) - H*(5n<H*<Drss)))

(@ —e,0(x(.

This is an inclusion by [4, Lemma 1.3], and of course remains so after conormalizing.

Finally, it is easy to see that the conormalized map
T— E1(£n<H*<DTSS)))

has the appropriate image. O

4.4 The E? page

We now record the E? page of the spectral sequence. See Figure 4.1.

12t +2r — 2

. 2t+r—1

T2t

7257‘27' 725‘77' 7‘25 —s—1r —s

Figure 4.1. E*(E(D,s))

Theorem 4.4.1. For r € [2,00), the E* page of the spectral sequence for E(D,s)

consists of k in the following ranges of bidegrees

{—s} x [2t, 00)
{—s—7} x [2t + 2r — 2, 00)
[—2s, —s — 1] x {2t}
{—2s —r} x {2t +7—1}

[—2s — 2r,—s —r — 1] x {2t 4+ 2r — 2}
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and zero elsewhere.

Proof. Theorem 3.1.1 gives the E' page. The structure of that page gives the ranges
{—s} x (2t,00) and {—s — 1} x (2t + 2r — 2,00). Theorems 4.2.2 and 4.3.2 combine
with Proposition 4.2.1 to give the rest. O]

There are three possible pictures of E?(E"(D,s)) in the truncated case, corre-
sponding ton > 2r — 2, n = 2r — 2, and n < 2r — 2. We give the first of these
in Figure 4.2, and encourage the reader to draw pictures for the other cases (using

Theorem*4.4.2).

—_— 2t +n
12t 4 2r — 2

12t

—2s —‘27‘ —25‘—7‘ —és —s—r —s

Figure 4.2. E*(£™"(D,y)) for n > 2r — 2

Theorem* 4.4.2. Suppose s > 0. Then a basis for E*(£™"(D,s)) is given by the
union of the bigraded sets €, Cq,B,B 4, T, Ty, My, and My, each of which consists of

a single element in each of the indicated bidegrees:

¢ :{—s} x [2t,2t + n — 1] Cq{—s—r}x[2t+2r —2,2t+2r +n — 3
B :[—2s,—s — 1] x {2t} By :[—2s—2r,—s —r — 1] x {2t + 2r — 2}
T:[-2s,—s = 2] x {2t +n} Fy:[-2s—2r,—s—r =2 x {2t +2r+n—2}

My {(—2s—r,2t+r—1)} My {(-25s—r,2t+n+r—1)}

If s = 0 then the statement is the same except that € is also nonempty in bidegree

(—s,2t +n) (and of course B =0 =%).
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Proof. Tgnoring the vertical grading, (E', ') is the direct sum of the complexes

(KBUE .20.0") ((Ba U (€0) - rarrar2), ")
(KEUE 2. 0") (KT U (€0) s rarszrin-2),0")
@(ﬂ«é_s,mﬂ-,m @(ka_s_r,m_wm
iklfﬁ?, ') &klz/v‘t; o).

Now combine Proposition*4.3.3 with Proposition 4.3.1. O
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5. PAGES E? THROUGH E>

In this chapter we complete the calculation of the spectral sequence associated to
E(D,s). We begin with the easiest case — namely when r = co. Section 5.2 is devoted

to algebraic convergence results. We will show that TE*(E(D,s)) = HTC(E(D,st))-

5.1 The Case r = c©

We are now able to compute the spectral sequence for (D). Proofs and state-
ments above are generally made for finite r, but if the appropriate changes are made

in §2.2 then we will end up with a variant of Theorem 3.1.1 which says

Proposition 5.1.1. All bidegrees of E'(E(Dust)) are zero except for the following:

In cosimplicial degree —s and homological degree 2t and above, we have elements
em ®1dj ®idyy € EL 5,
In homological degree 2t we have
e Re®e € Eip,Qt

where ¢ < & € AP and [p] = ime Uime’, which of course live in cosimplicial degree

between —2s and —s — 1.
The same argument as for Theorem 4.4.1 then gives
Theorem 5.1.2. The E? page of E(Duost) consists of k in the following bidegrees

{—s} x [2t, 00)

[—2s,—s — 1] x {2t}

and zero elsewhere.
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The structure of the £E? page implies that all further differentials are zero, so

;

k ¢=2tand —pe€[-2s,—5]
EX,=49k p=sandq>2t

0 else.

\

The following Theorem™® can be visualized in Figure 5.1.

2t+n

T2t

—2s —5

Figure 5.1. E*(E™(Duost))

Theorem™* 5.1.3. In the spectral sequence for E"(Dyst), E? has a basis consisting

of the sets €,B, T (as in Theorem™ 4.4.2), or just € if s = 0.

Remark. E? # E* when n < co and s > 0. There should only be n + 1 terms on

E>. but E? has 2s +n — 2 nonzero classes. We will compute the differentials in §7.1.

5.2 Algebraic Convergence

We are interested in bicomplexes arising as the conormalization of a cosimplicial
chain complex, all of which are left-plane spectral sequences (the module B lies at
the (—p, ¢) lattice point). According to [7, p.142] the filtration we have defined above
is complete and exhaustive.

In what follows, B is one of C(Dyst @ Doost), or C(E™(Dsost)), where n < oo.

Consider the short exact sequence of complexes

0— FP?/F?P! >T(B)/F?!'-T(B)/F?*—0.



For each of these examples we will show (Lemmas 5.2.1 and 5.2.2) that
H,(FP/F7P 1) =0
for large p. This implies, of course, that
Hy, (T(B)/F™7") — Hy (T(B)/F)
is an isomorphism for large p, so by Mittag-Leffler

lim'H,, (T(B)/F") =0.

p

We then have the short exact sequence (see [7, p.142 and 5.5.5])

0 — lim'Hyp iy (T(B)/F7) = Hp(T(B)) — lim H,, (T(B)/F ") — 0

P P
which implies

H,n(T(B)) =lim H,, (T(B)/F ")

for all m.

As a first example consider
Lemma 5.2.1. Let B = C(Dyst ® Doost). Then
H,F?/F7P =0
for p # 2t —m.
Proof. The Kiinneth Theorem gives
H,(D? ® D?) = H,(D?) ® H.(DP)
which, by Proposition 2.2.1, is only nonzero for * = 2t. Then

H,F?/F?'=H,, C(D® D)
= CHm—i—p(D ® D>p

=0 for m +p # 2t

41



42

This is subsumed by the following Lemma:

Lemma 5.2.2. Let B = C(E™(Dyst)) for 2 < r < oo and n < oco. Ifr < oo let

1 =2s842r and if r = oo let j = 2s. Then
H,(F?/F7" 1) =0

forp> 7.

Proof. This is a straightforward computation using Theorem 3.1.1 (see figure on
page 35) or Theorem*3.1.2 (figure on page 36) in the case r is finite and Propo-

sition 5.1.1 or its truncated variant (figure on page 40) in the case r = 0.

H, F?/F7? ' =H, ,C(E"(Dyst))”
= CHppip(E™"(Doost))?

=0 for p >
O

We also have regularity of the spectral sequence since each group Els’t is a finite

k-module.

Theorem 5.2.3. Let 2 <r < oo and 0 <n < oo. Then
H.TC(E"(Dyst)) 2 TE®(E™(Dyst))-

Proof. This follows from Lemma 5.2.2 and regularity. O]

5.3 E*° =0 when r < o0

Let D = D, for r < co. The goal of this section is contained in its title: we wish
to show that
E*(&(D)) =0.

Lemma 5.3.1. If r is finite, then the bicomplex C(D ® D) is finite.
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Proof. The vector space C(D ® D) has a basis consisting of elements ¢ ® ¢’ where

/

e:lq = pl, € [¢] — [pl, ¢+ ¢ =m,and [1,p] C ime Uime’. Furthermore, since

we're working in D,s we require that ¢,¢ € [s,s +r — 1]. Thus we see that C?,
is zero unless m € [2t,2(t +r — 1)] and p € [s,2(s + )], so C(D ® D) is bounded.

Furthermore, each C?, is finite. O]
Proposition 5.3.2. Forr finite we have HT'C(D ® D) = 0.
Proof. Lemma 5.3.1 implies convergence, so we have

HTC(D® D) =TE*(D® D) =T[E*(D)® E*(D)]

by Proposition 4.1.2. We saw in section 2.2 that E*(D,ss) = 0 for r < co.
]

The following Proposition works over any ground ring and, in particular, gives
C(W®,(D®D)=2W'®,C(D®D,).

Proposition 5.3.3. Let X, be a chain complex and let X be the bicomplex which

has X as its zeroth column. If Y.? is a cosimplicial chain complex then

CX.@Y!) =X/ 0C(Y!),

Finiteness of C'(D ® D) allows us to conclude that
TCED))=TCW R, (D® D)) =W @, TC(D ® D).
Furthermore, the functor W ®, — preserves quasi-isomorphism.

Proposition 5.3.4. Suppose that L — L' is a map of nonnegatively-graded k-

complexes which induces an isomorphism in homology. Then
HW®,; L) — HW ®, L)

s an isomorphism as well.
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Proof. The Kiinneth spectral sequence (see [8, Theorem 2.20])

B} = @P Torf, (H*(W),H'(L)) = H(W ®, L)
s+t=q

is a first-quadrant spectral sequence, so it converges. The map L — L’ induces an

isomorphism on FEj. O
Proposition 5.3.5. Forr finite we have TE>®(E(D,s)) = HTC(E(D,s)) = 0.

Proof. We already saw hat TC(E(D,s)) = W ®; TC(Dyst ® D,g), so we have
HTC(E(Dyst)) = 0 by Propositions 5.3.2 and 5.3.4. The spectral sequence converges
by Theorem 5.2.3. O]

A similar proof gives

Proposition* 5.3.6. If r is finite then TE>®(E"(D,s)) = HTC(E™(D,s)) = 0.

5.4 All Other Differentials Are Automatic

A spectral sequence with E? page of the form of Theorem 4.4.1 with £ = 0 can

only have one pattern of differential, which we give a rough picture of in Figure 5.2.

We need only consider differentials 67 : £/  — E?

p—ja+i-1 for j = 2.

Proposition 5.4.1. The following differentials are nontrivial:

T . IS I8
o E72377‘,2t+r71 - E72372r,2t+2r72

2r—1 . p2r—1 2r—1
0 PEpor = Bl 1 oo p € [—2s,—s—1]
2r—1-b . 2r—1-b 2r—1—b
0 : E75,2t+b - Eb+172r73,2t+2r72 b € [O, r — 2]
LA 7" T
0" Efs,2t+b - Efsfr,2t+b+r71 be [T - 17 OO)

Proof. First we look at the ‘top row’ [—2s—2r, —s—r| x {2t +2r—2}. All differentials
67 out of EJ  for (p,q) € [-2s — 21, —s — 7] x {2t + 2r — 2} must be zero. We list



45

all possibilities for differentials mapping to this row which have the potential to be

nontrivial:
2r—1 . 2r—1 2r—1
0 : Ep,Qt - Ep—2r+1,2t+2r—2

T . s ‘s

o' E—Qs—r,2t+r—1 - E—25—2r,2t+2r—2

Jj . J

o7 E—s,2t+2r—j—1 - E—s—j,2t+2r—2
where

peE[-2s,—s|evmp—2r+1e[-25s—2r+1,-2r—s+1]j

JE2r =2 em —s—je€2—5s—2r,—s—r).
But we have that
[—2s—2r,—s—7r]=[-2s—=2r+1,-2r—s+1JU{-2s—2r} U2 —2r —s,—s —r|,

so each map listed above must have rank 1.

This leaves us only with the leftmost column
{=s—r}x[2t+2r—1,00)

and part of the rightmost column {—s} x [2t 4 r, 00) still unaccounted for. Then it

is obvious that there is only one possibility:
N R q € [2t + 7, 00).
O
Corollary 5.4.2. Let ES . be the spectral sequence associated with £(D,s). We record

when various bidegrees become zero; they each contain a copy of k on the previous

page. First for the lower right portion

EX, =0 p € [—2s, —s5]
FRrry veERt+1,2t 47— 1]
ET =0 q € [2t +1,00)
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T2t +2r — 2

T2t

—2s—2r —2s—r —2s —s—r —s§

Figure 5.2. Differentials in the spectral sequence associated to (D)

then for the upper left portion

r+1 .
E72572r,2t+2r72 =0

By o o=0 pE|[-2s—2r+1,-2r—s+1]j
E 5l =0 pE[-2r—s5+2,—s—71]
ETtL =0 q € [2t+2r —1,00)
and finally
Ei—Ei—r,QH—r—l = 0.

Remark. E?" = 0.

We will not attempt to deduce the all differentials in the spectral sequence asso-
ciated to £"(D,s). Though the higher differentials are determined by the structure
of E?, the vanishing of £, and naturality, even a statement along the lines of this
Proposition 5.4.1 is horrendously complicated with many cases. Luckily, we will only
need partial information about the differentials in this spectral sequence. We post-

pone further discussion of this spectral sequence until Chapter 7.
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6. DEFINITION OF THE OPERATIONS
6.1 Products and Operations on Cycles

This section is a bit of a warm-up for what will come. The first goal is to define
the (external) product in the spectral sequence of a cosimplicial chain complex Y and
show that it is commutative. We define external operations for r-cycles and show
that the bottom operation agrees with the external square.

In general, if Y is a cosimplicial chain complex equipped with a multiplication
YRY =Y,

then there is a product

E'(Y)® E"(Y)— E"(Y)
which is a derivation for ¢", coming from
cyec) Yoy ey)— o).
In our setting, we start with a cosimplicial map
0:EY)—-Y
and obtain a product by precomposition with
K1Y QY =k@Y QY E2WRY QY - We, (YY) =_EY)
Products E"(Y) @ E"(Y) — E"(Y) obtained from

YovySey)Ly

are commutative for r > 2.
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Proposition 6.1.1. Let Y be a costmplicial chain complex and r > 2. The external
product
o BV E(Y) Y ENY @Y) - E(E(Y))

18 commutative.

Proof. Since AW becomes m-equivariant starting at E? (see the remark on page 29),

we can reduce the problem to showing that the following holds on E?:
oo = kAW o = ka AW L kAW = Lo

The equality p,.0 = p, then follows for all r > 2.
Thus we merely need to show that ko = k on E?. This is actually true on E*.

Consider v € Z! (Y ®Y) C TC(Y ® Y), then we have the formula
de1®v)=(1+0)ep®@v+e ®
inTW'®,C(Y®Y)]=TC(E(Y)). Notice that

and
er@weF =2, cB.
Furthermore,
(14+0)eg ®@v = (k+ ko),
so k = ko on E1. O

We now define external operations on r-cycles using the universal property of D,.q.
The idea is that the lower ‘I’ in the spectral sequence for £(D,s) should map to the
external operations. We saw in §5.4 that the 2" page is the same as the r*" page in
this spectral sequence. Theorem 4.4.1 then says that Eiq = E,, is either k or 0; in

the former case we write gy, , for the generator.



49

Definition. We define functions
Qm:Z'(Y) — E"(£(8,))
as follows. For y € Z7_(Y'), we let
Qv (y) = E"(E(0,))(A—sm+e) m >t
Qi (y) = E"(E(0,)) (Gm—s—r.20) m € [t —s,1]
which are all classes of E"(£(Y)). Here ©, is the map from Proposition 2.2.2.

The idea is that the lower ‘I’ in the spectral sequence for £(D,.s) should map to

the external operations of y € 27 _,

Remark. Recall that on E", ©, only depends on the class of y in E", rather than
on y itself. The situation is much more subtle for £(©,), and, at E", this map does

depend on the specific choice of r-cycle.

Notice that an r-cycle is, in particular, an (r — 1)-cycle. Let us now compare the

answers we get by considering an 7 cycle in these two ways.

Proposition 6.1.2. Let v > 2, and suppose y € Z” _(Y'). Write y, for y considered

as an element of Z" and y,_, € Z"~' for y considered as an v — 1 cycle. Then

A

QM (yr) = [Q (yr—1)],-

Before beginning the proof, notice that we can easily compare the two construc-
tions because

7‘ lst—>Drgt (61)

NS

We will need the following Lemma. It says that if we consider the inclusion

commutes.

O, : Dyt — Dyogt, then E?(£(0,)) is an injection when restricted to the bottom ‘I’
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Lemma 6.1.3. Consider the inclusion ©, : D,y — Doos. The map E*(E(0,)) takes
Upq 0 Gpq for (p,q) € ([—23, —s] x {Qt}) U ({—s} X [2t, oo))

Proof. On E', the map £(0,) is an isomorphism in this range. O

Proof of Proposition 6.1.2. A special case of diagram (6.1) is when ¥ = Dy and
y = 1. Combined with Lemma 6.1.3, this tells us that in the spectral sequence,
E(Dy_1 1) — E(Dyst) takes the lower ‘I’ to the lower ‘dI’. Furthermore, the following
commutes,

E2%2g0,

Ez(g(D(r—l)st)) EQ(S(Drst)>

—

E2(E(Y))

which implies that the representatives on the second page of QT(yr) and Qﬁ”(yr_l)

are the same. The result follows. O

6.1.1 Bottom Operation is the Square

We now show that the bottom operation coincides with the squaring operation.
In particular, since the external product is commutative, this shows that the bottom

operation is additive.

Lemma 6.1.4. Let r > 2. In the case of the universal example D,.,

1 (0©1) £ 0

where

,U/r . Er(Drst) ® ET(Drst) - ET(S(DTst))
18 the external multiplication.

Proof. First notice that we can factor the external multiplication as

Ej<Drst) ® Ej(Drst) i Ej(Drst ® Drst) - Ej(g<Drst))a
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with the first arrow an isomorphism when 5 > 2. It is slightly easier to show that
Ez(Drst ® Drst) - E2(5(Drst)>

is nontrivial; the result then follows by examining the spectral sequence for (D, )
since nothing can hit the element in bidegree (—2s, 2t).
The vertical maps in the following commutative diagram are nontrivial, where

D,y — Do is the inclusion.

E325,2t<DT'St ® DTSt) I EEQS,Qt (8<DT5t>)

| |

EEZS,Qt(DOOSt & Doost) — EEQS,%(S(DOO%))
The diagram
E%2s,2t(DOOSt ® Doost) — E%2s,2t(5(Doost>)

ETProp. 4.2.1

HQSQS’S H2SQS

also commutes, and at the beginning of the proof of Theorem 4.3.2 we saw that

H?*$Q, s — H*Q, is an isomorphism. O

Proposition 6.1.5. Lety € Z" (V). Then

(], W) = Q4 (y).

Proof. Let ©, : D, — Y be the representing map from Proposition 2.2.2. Then

Q" (y) = E"(E(8,))(d-20.2) = E"(£(0,)) (11, (2 @ 1))

by the preceding lemma. Since p, : E"(—) ® E"(—) = E"(E(—)) is a natural trans-

formation, we have a commutative diagram

ET(Drst) ® ET(Drst) L) ET(g(Drst))
E’“(@y)®E’"(9y)l lET(S(@y))
E'(Y)® E'(Y)—2 S E"(E®Y))

SO

Q" (y) = 1 (E"(0,) ® E"(0,)(1®1)) = p,([y], [y])-
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There are two consequences to this Proposition. The first is that
Q" 27, (V) — E"(E(Y))

is additive. This follows from commutativity of u,. Second, Q“S induces a homo-
morphism

QU B, (Y) — E'(E(Y))

since p, only depends on the E"-class of a given r-cycle.

6.2 Additivity and Sums of Bousfield-Kan Examples

The goal of this section is to prove the following proposition for m >t — s.

Proposition 6.2.1 (Additivity). Let r > 2. The functions

Qm ist( ) - Eis,ert(g(Y)) m Z t
Qi 24 (Y) = By yn(E(Y) m e [t —s,1]

are homomorphisms.
Let x,y € Z7_(Y). The following diagram commutes
rst . Drst S Drst

where the top map is the diagonal. This suggests that analyzing the spectral sequence
for £(Dyst @ D,s) may be helpful in understanding additivity. We will need greater
generality later, so we now investigate the spectral sequence associated to E(D,.s @
Dyra).

If A and B are chain complexes, then

((A@B)@(A@B)) —(A®A)®(B®B)® (A9 BOB® A)



53
as km-modules. Since A® B@® B ® A is a free m-module, we see

W @y ((A@B)@(A@B))
=W (A®A) e (W, (BeB))®(We®A®B).
Lemma 6.2.2. Let X and Y be cosimplicial chain complexes. Then
EXaY)ZEX)plY)a(WRXR®Y)
via
en QTR +e, YRy

en@(x+y) @@ +y)—
te, xRy +o0e, 2 Ry

and the obvious inclusions of the first two summands along with the inclusion

WeXxeY-Wwe, ((Xey)e((XoY))
e @TRYrH—>e, xRy

0, QLRY—= 0, T RQY =€, QYR .

In particular,
E(Drst ¥ Dr/s’t’) = S(Drst) S¥ S(Dr’s’t’) ¥ (W ® Drst X Dr’s’t’)-

Conormalization is an additive functor, as is the functor which takes a bicomplex to
its associated spectral sequence, so we see that we're left with only computing the

spectral sequence for

W& Drst ® Dr’s’t’-

But this is easy — the inclusion
Drst ® Dr’s’t’ — W ® Drst ® Dr’s’t’
induces an isomorphism on E' by the Kiinneth theorem, so by Proposition 4.1.2,

E](W ® Dpot ® DT’S't’) = Ej(Drst) ® Ej(Dr’s’t’)
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for j > 2. In particular, E*(W ® D,y ® D,sgy) is zero outside of the following set of

bidegrees:
(—s—s,t+1),
(—s—§ —rt+t'+r—1),(—s—s =1 t+t' +1r" —1), (6.2)
(—s—s —r—rt+t' +r+1" —2).
Proof of Proposition 6.2.1. Applying £ and Lemma 6.2.2, we find

6.2.2

rst EB Drst rst @ S rst W ® Drst ® Drst)

8(61 W) £77?
Using the formula from that Proposition we see that the composite
g(Drst) - g(Drst @ Drst) - g(Drst) @ S(Drst)

is just the diagonal.

We examine the map
E2(8(D7«st)) — E2<W ® Drst ® Drst)

in bidegrees {—s} x [2t, 00) and [—2s, —s— 1] x {2t}. Of course E?>(W @ D5t @ D,.s1) =
E?(D,s) ® E*(D,s) is zero at all of these bidegrees except for

EzQs,Qt(W ® Dyst @ Drgy) = k.

In particular, we know that for m >t —s

QU (x +y) = Q' (x) + Q' (y) m>t
Qp(x +y) = Qp(x) + Q' (y) m e (t — s, 1]
We saw in the last section that Qt_s is additive. O]

We will need the following Lemma at the beginning of the next section.
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Lemma 6.2.3. We have
E*(E(Dyy)) =0,

which implies
E?(E(Dyst ® Dygy)) 2 E*(E(D,s1)).
Proof. The implication comes from

5(Drst s> Dls’t’) = S(Drst) s> E(Dls’t’) ©® (W & Drst X Dls’t’)

and the fact that E2(W ® D,y ® Digy) & E*(D,g) @ E*(D1gy) = 0.
First, notice that D, is concentrated in homological degree s and E° = E! for

this spectral sequence. Since

H(DP ) — (D? _ Al k=5
k( lss) ( 1ss>k

0 k#s

The basis for the conormalization of £(D;) consists of

en & id[s] X id[s]
en ®d’ @ d°

and also

epRe®ée

where ¢ < ¢’ in A?. Since we have the full group A? we don’t have to worry about
the issues of §3.2. The differential on something in homological degree 2s is
eoR((S+1)®¢(T+1) 0eSUT
€0 ®((S) @¢(T) =
0 0¢SUT
(including the cases S = T = [s] and S = T = [1,s+ 1] C [s + 1]). Using the
contraction
e®C(S-1)T—-1) 0¢£SUT

o @ ¢(S) @ ((T) =
0 0eSUT
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along with the fact that
51(€n X id[s] X id[s]) =e, X d° X d°

we see that E? = 0. O

6.3 Definition of the Operations

At the moment we have (additive) operations Q™ which are defined on r-cycles.
The goal of this section is to show that these induce operations which are defined
on classes in the spectral sequence. The simplest thing would be to show that Qm
vanishes on

— T— r—1
—st 8Z s+r 1,t—r+42 + Z—s—l,t+1

for all m, but this does not happen. It turns out that the horizontal operations QZ‘
may be nonzero on QZZ}FT_M_T 42, Which leads to the indeterminacy in Theorem 6.3.6.

We begin with the easy part of B”;: elements in lower filtration.
Lemma 6.3.1. The homomorphisms Q™ vanish on ZZELHI forr > 2.
Proof. Write r' =r — 1,8 =s+1,' =t+1andlety € Z[’S%,(Y) C Z,(Y). Then

the following commutes

Tst ? Dr 's't!

\/

where, of course, we regard ¢ € Zzs’,t’(DT/S't') as an element of Z” ;. If ' > 2, then
by Theorem 4.4.1 the E? page of the spectral sequence of £(D,/¢) is zero except for
the following ranges of bidegrees:
{—s—1} x [2t +2,00)
{=s—r} x[2t+2r —2,00)
[-25s —2,—s — 2] x {2t + 2}
{—2s—r—1} x {2t +r}

[—2s — 2r,—s —r — 1] x {2t 4+ 2r — 2}
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which means that E"(E(D,¢y)) is zero on the ranges {—s} x [2t,00) and [—2s, —s —

1] x {2t} we are interested in. The diagram

commutes and the rightmost composition takes g, , to zero for (p, q) € {—s} x[2t, c0)U
[—25, —s — 1] x {2t}, so all of the Q must vanish on .
The case r = 2 is even easier, since we know E?(E(D;gy)) = 0 by Lemma 6.2.3.

]

We now shift our attention to 8Z:_1H"_1,t_r 4+o- We run into a problem immediately,

for we would like to use the diagram

rﬂ >l)r 1,s+1—r,r—t—2

where y € Z" 1, _ 1t—rto, Dut this diagram does not commute. To see this, write
o
= Z Y’ where y e CY).
j=s—r+1

We have

[e.9]

oy = Z(Jyk_l +dy*) e F*
k=s

since y is an (r — 1)-cycle. Then

s+r—1 s+r—1

C(Oay) ( > id[j]) =) @ +dy)
j=s j=s

and

s+r—1

C(6,)C(Oa) ( > idm) = C(0,)didjs-1)

j=s

=dy* .
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Lemma 6.3.2. If

Z y ez, 1t—r+2

j=s—r+1

then the diagram

rst >DT‘ 1,s4+1—rr—t—2
commautes.

Suppose that

e
E J r—1
Yy e Z—s+r—1,t—r+2 '

j=s—r+1
Then the tail
(9]
Zy €F CZ—S—H" 1Lt—r+2>
j=s

so we can split ¥ up into two pieces
s—1 o)
- S Yy
j=s—r+1 Jj=s
both of which are in Z_g,,_;; ,1o. We treat the tail piece now, so that we can use

Lemma 6.3.2 later.
Proposition 6.3.3. The homomorphisms Qm vanish on OF %,

Proof. Lemma 6.3.1 guarantees that the operations vanish on elements of dF 57! C
Z:il’t +1- By additivity we may consider the boundary of a single element in cosim-
plicial degree s:

Y=Y

Define a cosimplicial chain complex V (depending on s and t¢) schematically by

A? in homological degree ¢t + 1

|

A in homological degree t
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with zero outside of these two homological degrees. The conormalization of this is
pictured in the right hand side of Figure 6.1, as well as a map of bicomplexes from
C(Dyst) to C(V) (open circles map to open circles).

This figure tells us that the diagram

C(Drst

) c(V)
o
c(y)

commutes, where C'(V) — C(Y) is the map taking the square in the former to the

square

S S
Ay 1 ——Yin

|

ddyzf+1 — dyfﬂ

in C'(Y). We apply € to get the commutative diagram

E(Drst) E(V)

£(Y)

The vanishing of the vertical homology of V implies the vanishing of E*(£(V)), so
EY(E(Oy,)) = 0. O

Lemma 6.3.4. The vertical maps Q, vanish on 8Z:i7_17t7r+2 forr > 2.

o —eo t+r—1
o—eo tHt+r—2
o~
®—0 Ht+1 o—e +f 4+ 1
|
o0+—0 +t o—0 +t
—S —S -

Figure 6.1. C(D,s) — C(V)
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Proof. Let ' =r—1,8 =s+1—r, t' =t—r+2 andsupposethatyEZTsH Lt—rt2

has the form

s—1
> v
Jj=s—r+1
We know this is good enough by applying the previous Proposition and additivity.

Since y has this form, the following diagram commutes

rst ’ Dr s't!

Applying Theorem 4.4.1 to E(D,gy) (When r > 2) we find nonzero terms exactly in

the following bidegrees:

{—s—1—r}x[2t—2r+4,00)

{—s} x [2t,0)
[—2s4+2r — 2, —s+ 1 — 2] x {2t — 2r + 4}
{—-2s+2r—1} x {2t —r + 2}
[—2s,—s — 1] x {2t}

The column {—s} x [2t,00) vanishes at E” by the ‘upper left portion’ part of Corol-
lary 5.4.2, so the vertical operations Qv(ay) vanish at E7". ]
Lemma 6.3.5. If r = 2 then the homomorphisms Q vanish on VAN

Proof. Apply E?€ to the diagram from the proof of Lemma 6.3.4:

Doy ——2 4 Dy
k /

Lemma 6.2.3 says that E*(E(D;gy)) = 0. O

Theorem 6.3.6. The homomorphisms of Proposition 6.2.1 induce homomorphisms

Qm - (X) - Eis,m+t(€(X)) m >t

—st

Qi Bl (X) = By (E(X)) m € [t — s,1]

—st
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where )

r m=t—s

w=9q2r—2 meft—s+1,t—r+2

r+t—m melt—r+3t.
\

Notice that if r = 2, then w = 2.

Proof. We have already shown that the vertical operations pass to this quotient using
Lemmas 6.3.1 and 6.3.4. The well-definedness of the horizontal operations follows

from the diagram in Lemma 6.3.4 by applying the second part of Corollary 5.4.2 to

Dr—l,s-{—l—r,t—r—i—?- O

We give an example to show that the w above is the best possible. Consider the

diagram
8(681)

S(Drfl,erlfr,tfrJrQ)

from Lemma 6.3.4.

Example. Welet t =s>r —1, and take Y = D,_1 541y s—ry2 With

k

Yy=1= Z id[k}

k=s+1—r

as our example. The following commutes

SEN
HS(D’!’SS) *6> Hs—l (Dr—l,s+1—r,s—r+2)

T

Hs(Dooss) T — Hs—l(Sks—l A)

et

El rss 7“ 1,s+1—7",s—7"+2))

1R

Q

and so
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commutes as well. Thus, at E?, generators in the strip [—2s, —s] x {2t} map to
nonzero elements. Vanishing of their images occurs at exactly the page described by

‘“w’ in the Theorem.
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7. COSIMPLICIAL FINITE LOOP SPACES

We now turn our attention to partial external operations. For a cosimplicial chain
complex Y, these are operations whose target is the spectral sequence for
E'Y)=sk, W@, (YRY).
They are of particular interest when we have a map
ENY)—Y,

such as when Y = 5, X where X is a cosimplicial F,, i-space.
Parallel to what we did in Chapter 6, we would like to first define operations on

r-cycles:
Definition. Consider the functions

QM 2L, (Y) — ET(EM(Y))
defined, for y € Z"_ ,(Y), by

Q7 (y) = E"(€"(0,))(a-sm+) m € [t,t — s+ n]
@T(?ﬁ = E"(E™"(0,))(Am—s—t2t) m € [t — s, min(t,t — s+ n)]

where q,,, € E2 (£"(D,s)) is nonzero.

Unfortunately this definition does not make any sense yet. Why should the indi-
cated q survive to page r? How do we know that there is only one generator in the
indicated bidegrees? Section 7.2 is devoted to these questions and the results there
show that this definition is a good one.

We expect that the top operation will not be additive, so we cannot immediately
carry out the program in section 6.3 to induce operations on the spectral sequence.
We will define the Browder operation in Section 7.3 in order to study the deviation

from additivity of Q'+,
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7.1 Spectral Sequence Associated to £"(Duost)

We give a full computation of the spectral sequence indicated in the title. We
do not logically need these results for what follows, but this section provides a hint
that our program is reasonable, at least at the limit. Furthermore, we promised

Corollary 7.1.2 way back in Section 5.1.

Theorem 7.1.1. Consider the spectral sequence for E"(Daost). The classes from E?

which survive and are nonzero at E*° are exactly those of £ in total degrees
(2t — 25,2t — 25 + n].

Proof. We wish (according to Theorem 5.2.3 and Proposition 5.3.3) to compute the

cohomology of

T((sk, W)" ® C(D ® D)),

where D = Do,,. If we set
by, = dim H,,,T((sk, W)’ @, C(D ® D)),

we already know from Theorem 5.2.3 and Section 5.1 that

0 m#Q0.

We use comparison and induction to interpolate between these two extremes and

show that

1 mel0,n]
by, =

m
0 otherwise.
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We have two exact sequences of complexes
0— sk, W—W — X"V -0 (7.1)

and

0—skgW — sk, W — Xsk, 1 W — 0 (7.2)

where the first map is the obvious inclusion in both cases. Freeness of W, over ki
tells us that if we apply (—)" ®, C(D ® D) to either of these exact sequences we will
still have a short exact sequence of bicomplexes. Furthermore, ] is exact so applying

T we again get short exact sequences of complexes — write
B" = T((sk, W)" @z C(Dooss @ Dooss))

for this composite.
We first apply 7'((—)" ®, C(D ® D)) to SES(7.2). The short exact sequence of
complexes

0—B>—-B"-YB" ! 50

gives us a long exact sequence in homology, so we have

H,,B" — H,B"— H,,XB"' —— H,, 1 B°
| H |
0 HpyB™ 0

for m — 1 > 0. If we assume inductively that

. I mel[0,n—1]
0 otherwise
then we see that b7, is zero for m € [n + 1, 00) and one for m € [2,n].

Next we apply T'((—)" ®- C(D ® D)) to SES(7.1), so we have
0— B"— B® = ¥"'B> -0
and in the long exact sequence in homology we get
H, . >""'B*——H,B"— H,B®—— H, Y"1 B>

I I
Hmanoo Hmfnleoo
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This tells us that b)), = b5° for m < n, since there b5°_, =0="5b0_ ;.

We thus know b, on [2, 00) and (0o, n — 1], so for n > 2 we know it for all m. The

only thing we’re missing is b}, but this follows from the exact sequence

0— H1B' — H,¥B"— H,B* —— H,B' ——0

I I I
k k k

Corollary 7.1.2. The differentials in the spectral sequence for E™(Duost) are
S e (=5, 2t +D) = T(b—s—n—1,2t+n) be[max(n+1—s,0),n—1]
"B (a—25,2t) = T{a—25s—n—1,2t+n) ac€n+1,s—1]

Proof. When s = 0 this Corollary says that there are no nontrivial differentials, which
is obvious since E? consists of a single column.

Assume s > 0 and ¢t = 0. First note that £ lives in total degrees [—2s, —s+n — 1]
and ¥ lives in total degrees [—2s 4+ n, —s +n — 2]. All differentials out of ¥ are zero,
so those elements in total degrees (—2s + n, —s + n — 2] must be hit by something

(Theorem 7.1.1). Thus we have the differentials
0 L(-2s4+n+1,—s+n—1—F(-2s+n,—s+n— 2]

are nontrivial. The classes that are unaccounted for are £[—2s,—2s + n + 1] and
T{—2s + n}. The element in £{—2s+ n + 1} doesn’t survive to E*>°, and since it
lives in the second page it cannot map to something in £. Hence there is a nontrivial
differential

L£(-2s+n+1)—T(-2s+n).

The statement then follows by passing from total degree to bidegree. O]

7.2 Spectral Sequence Associated to £"(D,) for r < 0o

We will actually need to know very little about the behavior of the spectral se-
quence for £"(D,s) in order to define the operations. In this section we compute

enough of the differentials to give a partial analogue to Corollary 5.4.2.
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The main tool will be the comparison
(,b : Sn(Drst> - 8<Drst)

induced by the inclusion

sk, W — W.

Proposition 7.2.1. Let n > 1 and co > r > 2. The kernel of ¢ on the second page
18
ker(E?(¢)) = k(T U T, LU My).

Proof. Note that the map C(¢) is just an inclusion. At E' the representatives of
T, T4, and M, are all vertical boundaries, so k(TUTZUM,) C ker(E?(¢)). Comparing
representatives in Theorem 3.1.1 with the representatives in Theorem*3.1.2 tells us

that this inclusion is equality. O]
Define a set of integral lattice points L = L7, by
[—25 — 2r, —2s — 2r +n| x {2t + 2r — 2}
ifn <s+r—1and by
([—25 s —r— 1] x {2t + 25 — 2})
U ({—8—7‘} X [2t+2r—2,2t+r—s—2+n])
ifn>r+s.
Proposition 7.2.2. If (p,q) € L, then

E}f’q(S”(Dm)) =k.

Proof. We know that 1 is a lower bound for dimension since at each of these lattice
points there is an element of £,. The only classes at £? which might share a bidegree
with £, (and hence with L) are ¥ and 91,. Notice that the lattice points of L cover

the following range of total degrees:

[2t — 25 — 2,2t — 2s+n — 2],
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while by Theorem*4.4.2 we know that 9, lives in total degree 2¢t — 2s +n — 1 and
T lives in total degree 2t — 2s + n and above. O

Lemma 7.2.3. In the spectral sequence for E"(D,s) we have
Oy (=25 —r, 2t + 7 — 1)), = [Byg (—2s — 2r, 2t + 2r — 2)],..

Proof. Assume that t = 0. Let v € B,, and v € My be the elements from the
statement. We list the ranges of total degrees of each of the various subsets which

constitute a basis for E? (when s > 0):

£:]-2s,—s+n—1] Li:[-2s—2,—s+r+n-—3
T:[-2s4+n,—s+n—2 Ta:[—2s+n—2,—s+r+n-—4]
My {—2s — 1} My : {—2s+n—1}

Then element v is in the smallest possible total degree —2s—2 so must be hit by some-
thing in total degree —2s — 1 since E* = 0 (Proposition*5.3.6). The only elements
which are in total degree —2s—1 are v’ and, if n = 1, the element T, (—2s — 2r, 2r — 1)
(here we use that n > 1). Examination of bidegrees indicates that the second of these
could only hit v via §', so we have the stated result for s > 0. The proof for s = 0 is

similar. [l
Proposition 7.2.4. Suppose that v € £ has total degree in
2t — 25,2t — 25 — 1 + n]
and j is such that 6’ [¢v]; # 0. Then
0 # &[v]; € La.
Proof. Assume ¢ = 0. If [v]; makes sense (that is 6¥[v]y = 0 for k < j), then
¢0’[v]; = &7 ¢[v]; = 6'[¢v]; # 0

so 8’[v]; # 0. Proposition 7.2.2 coupled with Proposition 5.4.1 then tell us that it

must land in the stated place.
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We now show that 6*[v], = 0 for 2 < k < j. By Lemma 7.2.3 we know that v
does not hit M, nontrivially. The differential of v is in the following range of total
degrees,

[—2s —1,—2s+n —2]

so we see (as in the proof of Prop. 7.2.2) that v cannot hit any of the bidegrees
spanned by T or 9,. On the other hand, ¥, lives in the following range of total
degrees

[—2s+n—2,r—s+n—4],
so it’s possible that v hits something in ¥, if it has total degree —2s — 1 + n. But
T4 is so far away that this must happen on a page bigger than j (see Figure 4.2 on
page 36). To be precise, the differential would be one of

6T @ (=5, —s—1+n) — Ty (=25 —2r,2r +n —2)

Sl B (25 — 14 n,0) > Ty (25 — 2r,2r +n — 2)
whereas j < 2r — 1 by Proposition 5.4.1. ]

This Proposition tells us that the spectral sequence for £"(D,) vanishes in the
bidegrees of L at exactly the same time as in £(D,). This is exactly what we're

going to need to help us show that the Qm vanish on appropriate boundaries.

7.3 Additivity and the Browder Operation

We would like to mimic Section 6.3, but on first glance it appears that Proposi-
tion 6.2.1 fails when m =t — s + n because of the classical formula ( [4, Proposition

6.5))
En(z +y) = &) + &u(y) + Aulz,9)

where A, is the Browder operation and &,(z,) = Q7" (z). Surprisingly, additivity
holds even for the top operation as long as s > 0. We will see in a moment that this
happens because the Browder operation lands in a lower filtration degree, but first

we prove the additivity statement.



70

Proposition 7.3.1 (Additivity). Let r > 2 and

t—s+n s>0

h—
t+n—1 s=0.
The functions
Q27 (V) = By (E"(Y) m € [t,0]
QZI :Zis,t(y) - E:n—s—t,Zt(gn(Y)) m e [t -5, mln(tat — s+ n)]

are homomorphisms.

Proof. As in the proof of Proposition 6.2.1, we have
El(Skn W & Drst ® Drst) = H*(Skn W) & El(Drst) & E1<Drst)
which is nonzero only in the following list of bidegrees:

(—2s,2t), (=25 —r, 2t + 17 —1),(—2s — 2r, 2t + 2r — 2)

(—2s,2t +n),(—2s —r,2t+r—1+4+n),(—25s —2r,2t +2r —2+n)

since H,(sk, W) =key @ k(1 + o)e,. The only possible overlap with bidegrees of the
operations are (—2s,2t), which is the external square, and, if s =0, (0,2t + n). But
this last bidegree corresponds to the operation Qi*" (when s = 0), which the one

operation that is excluded from the statement of the Proposition. O

Definition (Browder Operation). Let Y be a cosimplicial chain complex. Consider
k as a chain complex in degree 0. Using the map k — >7"sk,, W which sends 1 to

(1+ o)e, for the middle arrow below, we consider the map of bicomplexes

CY)@CY) 20y @Y) —— S C(sk, W QY ®@Y)
xroeEn(y))

Then we have a map

)\n D BT (Y) ® Eis’,t’ (Y) - Eis—s’,t—i—t’—‘rn(gn(y))

—s,t

which we call the external Browder operation.
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There is a discrepancy in bidegrees. The top Dyer-Lashof operation for an element
in Z"_ , is in bidegree (—s, 2t +n—s) or (—2s+n,2t), whereas the Browder operation
of two elements in E”_, is in bidegree (—2s,2t + n). When s = 0 the Browder

operation still measures the deviation from additivity of the top operation.
Proposition 7.3.2. Suppose that x,y € Z; ,(Y). Then
QM +y) = QL (x) + QL (y) + Mal[]r, [y],)-
Proof. Examine the diagram from Proposition 6.2.1
Dot —————— Dot © Dyoy

where the top map is the diagonal. Lemma 6.2.2 still works when we replace W by

sk, W and we again get the decomposition

(D) E"(D ® D) 222 £7(D) @ £*(D) @ (sk, W @ D ® D)

" gn (Y) EM(Og)+E™(Oy)+777?

where D = D,q;. The image of qoa4, under £%(0,) and £(0,) give Q4" (x) and

Q" (y). We now seek to identify the image of g+, under the composite
E"D)—sk, W@D®D — E"Y.

For maps f: A — C and g : B — C, the following commutes

1®f®g

sk, W AR B——sk, WC®C
5n<A EB B) 5"(f+g) gn(cf)
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where the left vertical arrow is the inclusion from Lemma 6.2.2. Replacing A = B =

D,o; and C' =Y, we extend this to the diagram

C(0:)2C(0y)

C(D)® C(D) CY)®C(Y)
lAW C(0:0y) lAW
C(D® D) CY®Y)

|

$"C(sk, W ® D ® D)

|

S-"C(EY(D ® D))

l

S C(sk, WRY @)

|

SrCE(Y))

10,0,

EM(O2+0y)

The composite of the vertical maps on the right is what was used to define the external

Browder operation, so

E"(D)® E"(D) — E"(Y) ® E"(Y)

|

ET(ENY))

takes ¢ ® 1 to An([],, [y],). Furthermore, the Alexander-Whitney map is particularly
simple on elements in cosimplicial degree 0: AW (idg ® idj)) = idjg) ® idjg). So the

vertical maps on the left give

C(D)®C(D)—C(D® D) —— X "C(sk, W ® D ® D)

idjg) ® id[g) —— id[g) @ id|g) —— (1 + 0)e,, ® idjg ® id[g] .
At E! this coincides with the image of qo,2t+n by Lemma 7.3.3. O
Lemma 7.3.3. Let C' be a chain complex. Consider the composite
e EB EnCaC) » sk, WRC®C
where the projection map is essentially the one from Proposition 6.2.2:
E'"XaY)—-sk, XY

em @@ +yY) Q@ +y)—en®@20Y +oe, @1 ®y.

Then the homology of the composite sends e, ® [c] ® [c] to (14 0)e, ® [c] ® [¢].
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Proof. Fix a quasi-isomorphism C' — HC'. The following commutes,

HE(C) ——— H (6, (C B C)) —— Ho(sk, W0 C & C)

F :

H.EMHC) —— H*E"(HC & HC) —— H,(sk, W ® HC @ HC)

so it is enough to prove that for a module M,
H.(E"(M)) - Hi(sk, W @ M @ M)
sends e, @ m @ m to (1 + 0)e, ® m ® m. This is an easy computation. [l

Remark. The formula given in Proposition 7.3.2 says that if y happens to be in B,
then

Q" (x +y) = Q)" (@) + QT (v)
since [y], = 0. So if we show that Q*"(y) = 0 for y € By, then we will know that

QL™ induces a function

E&t(Y) - E6,2t+n(gn (Y)).

7.4 Definition of Operations

The proofs of nearly everything in §6.3 now go through, with perhaps the only
subtle point that the analogue of Lemma 6.3.4 relies on the vanishing statement

Proposition 7.2.4.
Lemma 7.4.1. The homomorphisms Q™ vanish on Zi;il,tﬂ forr > 2.

Proof. Write r' =r — 1,8 =s+1,' =t+1andlet y € Z[’S%,(Y) C Z,(Y). Then
the following commutes

rst ? Dr 's't!

\A
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If 7’ > 2, then Theorem*4.4.2 says that E"(E"(D,¢¢)) is zero on the ranges {—s} X
[2t,2t + n — s] and [—2s, min(—s — 1,2t + n — s)] x {2t} we are interested in. The
diagram

Er<gn(Drst)) ET(Sn(Dr’s’t’))

Er(En(Y))
commutes and the rightmost composition takes g, , to zero for (p, ¢) in the appropriate

range, so all of the Q must vanish on z. If r = 2 then E?(£"(Dyyy)) = 0. O

In particular, this shows that the Qm vanish on F 57! and the proof of the

following is a minor variation of that of the corresponding Proposition in Section 6.3.
Proposition 7.4.2. The homomorphisms Qm vanish on OF ™%, [
Lemma 7.4.3. The vertical maps Q, vanish on 0Z"} D etr—1t—ria Jor T > 2.

Proof. Notice that we may assume that n > s, otherwise we have not defined the
vertical maps and the statement is vacuously true. Let v’ =r —1, 8 = s+ 1 —r,

t'=t—r+2. We may assume that y € 2"}, 14—r+2 has the form

s—1

J
2. v
j=s—r+1

The following diagram commutes

rst ’ D /s't!

\/

Applying Proposition 7.2.2 to (1, ¢/, '), we see that the vector space Eiq(é'”Dr/s/t/) is
one-dimensional for p = —s and ¢ € [2t,2t — s + n]. Furthermore, Proposition 7.2.4
tell us that all of these classes vanish at page ' + 1 = r. These are exactly the
bidegrees where we have defined vertical operations, so applying E"(E™(—)) to the
above diagram we see that Qv(ay) =0on E". ]
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Lemma 7.4.4. If r = 2 then the homomorphisms Q vanish on dZ* st
Proof. As in Section 6.3. m

Theorem 7.4.5. The maps above define functions

Qm is t( ) - Eis,m—&-t(gn(y)) m € [t,t — S —|— 77,]
Qh -8, t( ) - E:‘lr}z—s—t,Qt(gn(Y)) m e [t - S, mln(tvt — s+ TL)]
where
r
r m=t—s

w=q2r—2 melft—s+1,t—r+2]

r+t—m méelft—r+3,t.
\
They are homomorphisms unless s =0 and m =t — s + n, in which case there is an

error term given by Proposition 7.3.2.

Proof. The only missing ingredient is the vanishing of QZ‘ on an element dy where
yez i, 14—ri2 18 of the form

s—1 '
> v

j=s—r+1

This is an extension of the proof of Lemma 7.4.3. According to Propositions 7.2.2 and
7.2.4 applied to (', s',t"), part of Corollary 5.4.2 applies in the spectral sequence for
E™(D,1gy) to give appropriate vanishing in the range of bidegrees [—2s+ 1, min(—2s+
n,—s — 1)] x {2t}. In particular,

By (E"(Dyrgwr)) = 0
forpe[-2s+1,—r—s+2]NI and

Eyaf "(E" (D)) =0
for p € [-r—s+3,—s|NI, where [ = [-2s+ 1, min(—2s+n, —s — 1)]. Furthermore,
Lemma 7.2.3 tells us that

Ei2s,2t(5n<Dr's't’)) =0.

The statement then follows by going from p to m =1t + s + p. m
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APPENDICES
Appendix A: Operations in the Target

If X is a cosimplicial space, then the homology spectral sequence for X abuts to
H.(Tot(X)) (see [2]). We will show in a moment that if X is a C-space, then so is
Tot(X). Before we do this we write down the connection between the algebraic and

geometric quadratic constructions.

Proposition A.6. If Z is a simplicial set, then there is a quasi-isomorphism
E(S.Z) =W @, (NkZ)*? — Nk(Em x, Z7?).

Proof. Write V= kZ for the simplicial k-module. First, the Eilenberg-Zilber theorem
implies that

1 ® (shuffle) : W@, N,V NV — W @, N(V&V)

is a homotopy equivalence (see [4, 7.1,7.2]), where (V@ V), =V, @V, =k(Z, x Z,).
One can show that W and N,kEw are equal, or just observe that since both
are km-free resolutions of k™ they are km-homotopy equivalent. Thus we have a

homotopy equivalence
W, NN(VeV)— NkEr @, N(V&V).
Applying the Eilenberg-Zilber Theorem again (see [7, 8.5.3]) we have
NKE® @ No(V @ V) 2% N (KET @4r V@ V)

is a quasi-isomorphism. Finally we have

KET, ur kZ, @ kZ, = K(Em, X5 Zy X Zy)
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coming from the standard comparison of bases:

right 7-sets x left m-sets L SN right kr-modules x left kr-modules

XWJ( ®]k7rJ(
k

sets k-modules

Letting S™ = sk,, Em, we obtain

Proposition* A.7. Let Z be a simplicial set. There is a natural quasi-isomorphism
ENS,Z) — S, (8" xr Z7?).

Suppose that X is a cosimplicial C-space, where C is an F.-operad. Then for

each ¢ and H C %,,, we have

oL C(m) x g (X)) — X1

m

Of course for a map [p] — [¢] the corresponding map X? — X7 is a map of C spaces,
so in particular

C(m) xg (X*)*™

is a cosimplicial space. Furthermore, the following commutes

C(m) Xy (XP)*" —— XP

| |

C(m) xp (X9)*™ —— X1

commutes, so

C(n) xp (X*)™ = X*

is a cosimplicial map. In particular,
Ernx, (X xX)—X

is a map of cosimplicial spaces.
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If we totalize X, then Tot(X*®) = Homa(A®, X*) is again an C space. The map
C(m) x (Tot(X))*™ — Tot(X)
is given by
e X fI X f3x o x fo i (8= a0 (e, [T, f5(E), - (1))
We wish to examine the triangle

B % Tot(X)*? Tot(X)

\)%

Tot(Em x, X*?)

The map on the down left sends e x f*® x g* to the map h® where

h'(t) = e x f*(t) x g"(t).

Since the map going up and to the right is Tot(¢), we see that this diagram commutes.

By Proposition A.6, the spectral sequence for the bottom term is isomorphic to
our spectral sequence E*(E(S.(X))) on page 1 and higher. Of course by that same
Proposition

H,(En %, Tot(X)*?) = H,(E(S.(Tot(X)))),

which is the normal target for external operations originating in H,(Tot X). The

homology of the map
Er x, Tot(X)** — Tot(Em x, X*?)

thus takes external operations on Tot(X') to something in the abutment of our spectral
sequence. A question that we have not yet solved is whether the external operations

on Tot(X) map to the external operations we have defined for classes in E>(S,(X)).
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Let A® be a cosimplicial object in an abelian category A. We will just write A for

the (unnormalized) Moore chains. Define
CP(A) =N kers' : AP — AP~

and

DP(A) =y d'(AP).

>0

Proposition B.8. The submodule D(A) is a subcomplex of A.

Proof. Fix d*(a) where k > 0. Then

d(d*(a)) = Z(—l)ididka = d°d*a mod D(A).

i>0

By the cosimplicial identities d°d* = d**1d° and k + 1 > 0.
We now dualize the proof of [7, Lemma 8.3.7].

Lemma B.9.

D(A)YNC(A) =0

Proof. Let y = >

1>0

d'(x;). Suppose that y € C(A). If y = 0 there is nothing

to show, so let k be the largest integer with d*(x;) # 0. Since y € C(A) we have

s*(y) = 0. A calculation then gives the equality on the right:

y =1y —d's"(y) = Z d'(z; — d" 1" 1ay).

0<i<k

Induction shows that y = 0.

Lemma B.10.
DP(A) + CP(A) = AP
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Proof. Given an element y € AP, let m(y) be the smallest number so that s™®) (y) # 0,
or p if y € CP(A). It is clear that the elements in m~'(p) = C? are in DP + CP.

Suppose, inductively, that
m G+ 1D)Um (G +2)U---Uum T (p) € DP + CP.

We show that m™(j) C DP + CP. Let y € m~'(j), so that s7(y) # 0 and s'(y) =0
for i < 7. Write
y =y—d*s'(y) =y mod DP.

Then s/(y') = s’y — s’d’*1s’y = 0. Furthermore, for i < j,
s'(y') = s'(y) — s'd"s (y)
— —dis'si(y)
= —d's’ s (y) = 0.
Thus v’ € CP + DP by induction, so y € C? + DP as well. O]
Proposition B.11. A= C(A) ® D(A) O

One consequence of this Proposition is that C'A, as we have defined it here, is
isomorphic to C'(A) = A/D(A) from the introduction.

Let Y be a cosimplicial chain complex. By definition, 9* commutes with the
cosimplicial structure maps d* and s', so 9|¢(y) lands in C(Y) and 9|p(y) lands in
D(Y).

This shows that we have the decomposition
H,Y? = H,C?Y & H,D"Y.
Of course, there is the alternate decomposition given by
(H,Y)? = CP(H,Y)® DP(H,Y)

that we originally found. Since s’ is zero on H'C?Y, we have H,C?Y C CPH,Y C
H,YP.
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It is enough to show that
CthY ﬂ HtDpY - 0
to get equality C?H,Y = H,C?Y .

Proposition B.12.
CthY ﬂ HtDpY - 0

Proof. We imitate the proof of Lemma B.9. Let a be in the intersection. Since
o € H,DPY, we may write v = [}, d'w;]. Set y = > . d'z;, which we assume to
be nonzero. Let k be the largest integer with d*x;, # 0. Because o € CPH,Y, we

know s*y is homologous to zero, so y is homologous to y — d*sFy. But

y —d¥sty = Z d'z; — Z d*stdix,

k>i>0 k>i>0
= Z diz; + d*z, — d¥s*dFxy, — Z d¥s*dix;
k>i>0 k>i>0
= Z d'(z; — d" 1" ay)
k>i>0
S0 o = [> ;0,00 d'@l]. Repeating this tells us that oo = 0. O

Theorem B.13.
CPH\(Y) = H,CP(Y)

Proof. Since CPH,(Y) N H,D?Y = 0, we have CPH,(Y) C H,C?Y. The reverse

inclusion was already discussed. O]
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